We derive the anomaly 8-form of 6-dimensional gauge theories arising in F theory compactifications on elliptic Calabi-Yau threefolds. The result allows to determine the matter content of certain such theories in terms of intersection numbers on the base of elliptic fibration. We also discuss gauge theories on 7-branes with double point singularities on the worldvolume. Applications to Type II compactifications on Hirzebruch surfaces and P 2 are outlined.
F theory compactifications on elliptic Calabi-Yau threefolds often contain a gauge theory subsector [1] . To study these gauge theories one can use algebraic methods [2] which do provide a lot of information. For instance, the gauge group carried by the component of the discriminant is completely determined by the type of fiber degeneration along that component. It is more difficult to extract the matter content from algebro-geometric data. The complete understanding of how to do this would require better knowledge of topological theory living on the discriminant.
The purpose of this paper is to provide topological rather than algebro-geometric restrictions on the possible matter contents for a given homological type of the discriminant component. These restrictions depend only on the self-intersection number of this component and on its intersection numbers with other components of the discriminant. They are not sensitive to fine geometric details such as singular points. Not surprisingly, they do not fix the matter content completely: for a given homological type there can be many different choices compatible with the restrictions.
In practice it is convenient to combine these restrictions with some local D-brane analysis. Then it is possible to choose certain "minimal" matter content for every gauge group which is fixed completely by the topological constraints. For example, for SU (n) theories this "minimal" solution includes hypermultiplets in adjoint n 2 − 1, fundamental n and antisymmetric n(n−1) 2 representations. Such solutions appear to be generic in a sense they correspond to sufficiently generic, smooth 7-brane worldvolumes. Some other solutions can be shown to correspond to the situation when the worldvolume develops singularities.
The main technical tool in our analysis is the anomaly 8-form of the gauge theory living on a 7-brane. On the one hand, this 8-form is determined by the matter content of the theory. On the other hand, Green-Schwarz anomaly cancelation mechanism [3] [4] relates it to anomalous couplings on the worldvolume of the 7-brane which can be written explicitly in terms of geometric data. Comparison of these two leads to the topological constraints we are after.
2. Green-Schwarz mechanism in 6 dimensions.
The anomaly 8-form I 8 is defined for any 6-dimensional theory. The actual anomaly of the action δ Λ S = I 1 6 (Λ) is related to I 8 by the Wess-Zumino descent equation zigzag:
The 8-form itself is closed and gauge invariant so it can be expressed in terms of characteristic classes of gauge and gravitational field. In notations of Schwarz [5] 
For the simple group G a , Tr denotes the trace in the adjoint representation, tr R a denotes the trace in the representation R a and n R a stands for the number of hypermultiplets in this
Anomaly cancelation via Green-Schwarz mechanism [3] , [4] with n + 2 antisymmetric tensors requires that I 8 be representable as
where Ω ij is a bilinear form which is the natural metric on the space of antisymmetric tensors B i , i = 1, . . . , n + 2. In turn, the 4-forms X i are all closed and gauge invariant and can be decomposed as
2)
where tr is a trace in a certain preferred representation (this representation is (n) for SU (n)). Defined by (2.1), I 8 can be normalized to set the coefficient of (trR 2 ) 2 to one:
where we decompose tr R a F 4 = x R a trF 4 + y R a (trF 2 ) 2 assuming R a has two independent order four invariants. If it has only one, x R a = 0.
Green-Schwarz mechanism [4] of anomaly cancelation amounts to adding to the action
As usual, ω 3L is a gravitational Chern-Simons 3-form and ω a 3Y is a Yang-Mills Chern-Simons 3-form for the a-th simple factor. The combination S + A is invariant:
3. Type IIB on a complex surface. This anomaly is compensated for by adding 7-branes sources located on curves D a . The condition for cancelation of c 1 anomaly on B is equivalent [1] to the Calabi-Yau condition for X:
where the number N a of 7-branes wrapped around D a can be determined by the order of vanishing of the discriminant on D a : N a = ord(∆)| D a .
The noncompact part of each 7-brane worldvolume is 6-dimensional. If N a > 1 there is an enhanced gauge symmetry with gauge group G a determined by the geometry of elliptic fibration near D a . This is discussed in [1] and in great detail in [2] . Also there are two 10-dimensional 2-forms (B It is very natural to expect that any such compactification leads to anomaly-free gauge theory. Thus focusing on this theory itself we expect to find a factorizable 8-form (2.1) where the coefficients a i , b a i in (2.2) are determined by the geometry of 7-branes. This expectation proves to be true: Let us decompose
The anomaly 8-form I 8 is given by (2.1) with X i given by (2.2) with this particular choice of a i and b i a :
Now let us prove (3.2)-(3.3). The physically meaningful object is the counterterm A (2.4). To expose the origin of A it is useful to rewrite it in 10-dimensional terms:
where we have used (3.2) for X i . It is clear that the second term is the bulk contribution which does not feel the presence of 7-branes. Thus it can only contribute to gravitational anomaly. This term is a dimensional reduction of the terms in the 10-dimensional action
Now, the first term in (3.4) is a consequence of a 10 dimensional coupling
described in [6] for N a coinciding 7-branes wrapped around D a . This coincides with (3.4) after one uses (3.1) to decompose c 1 (B) in terms of δ (2) (D a ).
In the presence of 7-branes the field strength 5-form for B (4) is H (5) = dB (4) + 
Matter content of F theory.
The most important consequence of the above analysis is that we can obtain certain information about matter content of the gauge theory living on 7-branes. In (2.3), the left hand side is a particular combination of numbers of hypermultiplets while the right hand side is geometric. It is convenient to represent c 1 (B) by the canonical divisor K and 
SU (n) and Sp(k) gauge groups on smooth and singular curves.
Consider a situation when the discriminant locus has a smooth component D with A 1 singularity along it. One expects [1] [2] to find an SU (2) gauge theory on the noncompact part of the worldvolume of 7-brane wrapped around D. The number N A of hypermultiplets in the adjoint 3 is given by the number g of holomorphic 1-forms on D [8], [2] . This number is given by the adjunction formula 2(g − 1) = (D · D) + (K · D). We will make a minimal assumption that all other N F hypermultiplets are in fundamental 2 and try to solve (2.3)- This procedure also works for SU (3) where we find, using y Ad = 9 and y F = 1/2, that again N A = g and N F = −9(K · D) − 3(D · D). In both cases the condition N F > 0 puts constraints on possible choice of D.
It was found in [2] that a generic "nonsplit" A 2k−1 singularity on a Hirzebruch surface leads to a gauge group Sp(k) rather than SU (2k). The matter consists of N A adjoints k(2k + 1), N F fundamentals 2k and N AS antisymmetric tensors k(2k − 1) − 1. Let us try this matter content for general B. Using group-theoretical factors x R , y R for these representations one does find a consistent solution with N A = g, N AS = ((D·D)−(K·D))/2 and N F = −8(K · D) − 2k(D · D).
Gauge groups SU (n), n > 3 appear when there is a "split" A n−1 singularity along D. The matter includes N A adjoints n 2 − 1, N F fundamentals n and N AS antisymmetric To answer this question one should realize that the relations (4.1) are essentially topological and as such sensitive only to homological type of D. For instance, they cannot distinguish a singular D from a smooth one simply because generically all curves are smooth. The solution with r = 0 corresponds to smooth D. It is generic in a sense that other solutions with r = 0 live in codimension r subspace inside it. For r > 0 the number of adjoints N A = g − r does not coincide with the genus computed for the smooth curve. It leads to a conclusion that the curve D is not smooth in this case, but has r double points instead. (Double points are "generic singularities" for curves.) The number of holomorphic 1-differentials counting the adjoints is indeed g − r which shows we are on the right track. Generally, an SU (n) gauge theory on D with r double points has N A = g − r adjoints, N AS = −(K · D) + r antisymmetric tensors, N S = r symmetric tensors and N F = −8(K · D) − n(D · D) fundamentals.
SO(n) gauge groups.
In F theory the gauge theory with SO(n), n ≥ 7 appears when there is a D-type singularity along the curve D. The index n is even or odd depending on whether this singularity is split or nonsplit on D. Generalizing [2] , we suggest that on smooth generic D the matter consists of N A adjoints, N F vectors n and N S spinors. It should be noted that the index of n representation is 2, so the symbol tr denotes one-half of the trace in n. We will use the identities:
where we denoted by d s the dimension of the appropriate spin representation.
Applying (4.2) to (2.3)-(4.1) one finds:
. Note that for SO (8) , the number of 8 v is the same as the number of 8 a + 8 c : N S = N F = −2(K · D) − (D · D) as it should be by triality.
Examples: Hirzebruch surfaces and P 2
Now let us apply these results to F theory compactification on Hirzebruch surfaces, discussed in [1] , [2] . We follow notations of [1] . For Hirzebruch surface F n the basis of 2forms is given by D s , D v + n 2 D s with the intersection form given by Pauli matrix σ 1 . The canonical class K = −2D s − 2(D v + n 2 D s ) has self-intersection 8. The signature τ (F n ) = 0 so the contribution of (B (2) NS , B
(2) R ) to gravitational anomaly is zero. Thus we expect the anomaly 8-form to factorize:
One finds various gauge groups [2] by wrapping 7-branes around rational curve rep-
2) one obtains (u, v) = (2, n). Applying the above formulas for the matter content of SU (n), Sp(k) and SO(n) gauge theories one recovers results of Table 3 in [2] . For example, for SU (2) we find N 2 = −8(K · D u ) − 2(D u · D u ) = 16 + 6n and N 3 = 0 because D u has genus zero. We did not derive the general formulas for the matter content of theories with exceptional gauge groups, but this can be easily done and the results confer to Table 3 in [2] once applied to the Hirzebruch surfaces.
The only cases when the matter content is not described by the formulas above are SU (6) with r/2 3-index antisymmetric tensors 20 and Sp(3) with r/2 of 14 ′ . There is no contradiction, since when one allows for additional r/2 20 or 14 ′ and solves (2.3)-(4.1) one recovers the r-dependent family of solutions much like it was for SU (n) on a curve with double points. But unlike that case, here the number of adjoints is r-independent and equal to g. Therefore the origin of these exotic representations is not in singularities of the curve D.
One can also consider gauge theories living on curves representable by p(D v + n 2 D s ) + qD s . Such curves have genus (p − 1)(q − 1) so the 6-dimensional field theory contains (p − 1)(q − 1) hypermultiplets in adjoint. The anomaly 8-form factorizes as I 8 = (trR 2 − 2p trF 2 )(trR 2 − 2q trF 2 ). These models were discussed in [2] in the context of F theory compactfication on F 0 = P 1 × P 1 which is dual to (12, 12) heterotic compactification on K3. On the heterotic side (p, q) models provide an example of mixed perturbative non-perturbative gauge symmetry.
Another example is provided by F theory on P 2 . Since τ (P 2 ) = 1, the contribution to I 8 from (B (2) NS , B
(2) R ) doublet is equal to − 1 8 trR 2 and we expect the anomaly to be
The coefficient p should be interpreted as the degree of the curve D where the gauge group lives. If it is a smooth curve, it has genus g = p(p − 3)/2 + 1 which is the number of adjoints in any gauge theory on D. For the minimal SU (2) gauge theory the number of fundamentals is N F = 2p(12 − p). For example, p = 1 gives a theory with no adjoints and 22 fundamentals. It has Higgs codimension 2 · 22 − 3 = 41. For SU (3) the number of fundamentals is N F = 3p(9 − p). On p = 1 divisor there are 24 fundamentals and the Higgs codimension is 64. As an independent test, let us obtain these codimensions using algebraic approach of [1] and [2] .
An elliptic fibration on P 2 can be described by two homogeneous polynomials f 12 (z 1 , z 2 ) and g 18 (z 1 , z 2 ) which enter the Weierstrass representation y 2 = x 3 + f 12 (z)x + g 18 (z).
The p = 1 curve can be described simply by z 1 = 0. The gauge group SU (2) appears when the discriminant ∆(z 1 , z 2 ) = 27g 2 18 − 4f 3 12 satisfies ∆(0, z 2 ) = 0 and ∆ ′ z 1 (0, z 2 ) = 0. The first equation is solved by f 12 (0, z) = 3h 2 6 (z) and g 18 (0, z) = 2h 3 6 (z). This gives codimension 13 + 19 − 7 − 2 = 23. The second equation is solved by (g 18 ) ′ z 1 (0, z) = h 6 (f 12 ) ′ z 1 (0, z) which produces extra codimension 18. So the total codimension of SU (2) locus is 23 + 18 = 41 agreeing with the above Higgs codimension. To find SU (3) one needs to set an extra condition ∆ ′′ z 1 z 1 (0, z 2 ) = 0 which gives additional codimension 23 adding up with 41 to 64. This verifies our formula for the anomaly I 8 for τ (B) = 0.
